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We study the cosmology of the multifield relativistic Galileon model in which an induced gravity
term is added to the Dirac-Born-Infeld action. We highlight the physical insight that is gained
by employing a bimetric perspective in which the induced gravity and Einstein-Hilbert action are
treated on equal footing. We derive the conditions under which a phase of quasi exponential inflation
can be sustained and demonstrate the existence of a critical background energy density above which
cosmological fluctuations become ghosts. At the non-linear level, this scenario provides the first
concrete early Universe model in which the shape of the bispectrum can be predominantly of or-
thogonal type. More generally, we show that the shape and sign of the primordial non-Gaussianities
act as powerful discriminants of the precise strength of the induced gravity.
The possibility that our Universe has more than four
spacetime dimensions revolutionized theoretical cosmol-
ogy in the past decade by bringing a geometrical perspec-
tive on two major issues. In the very early Universe, it
entertains the idea that the inflaton(s) may be identified
with the coordinate(s) of a brane in extra dimensions [1],
resulting in completely new possibilities like the Dirac-
Born-Infeld (DBI) scenario of inflation [2, 3]. In the late
Universe, it suggested a higher-dimensional modification
of gravity, like the Dvali-Gabadadze-Porrati model [4] or
more recently the Galileon [5], as a solution to the dark
energy puzzle.
Following the geometrical picture behind these sce-
narios, namely the one of a D3-brane embedded in a
five-dimensional spacetime, de Rham and Tolley demon-
strated how DBI and the Galileon can be naturally gen-
eralized and unified [6]. This was further studied in the
case of an arbitrary number of extra dimensions [7] based
on [8], with the result that the DBI Galileon model in an
even number of extra dimensions strictly greater than
two – as relevant in string theory – is geometrically sur-
prisingly simple: in terms of the induced metric on the
brane, its action is the sum of a cosmological constant
(giving rise to DBI) and the corresponding Einstein-
Hilbert term, to which the usual four-dimensional gravity
is added.
In this communication, we show how physically in-
tuitive and computationally efficient it is to study the
DBI Galileon scenario by treating the induced gravity
and Einstein-Hilbert action on equal footing, which we
call the bimetric perspective. We derive the conditions
under which this model can sustain a phase of quasi de-
Sitter expansion, suitable for inflation or dark energy. We
analyze the linear perturbations about a homogeneous
cosmological solution and demonstrate the existence of
a critical background energy density above which cos-
mological fluctuations become ghosts. Finally, we stress
that this scenario provides the first concrete early Uni-
verse model in which the shape of the bispectrum can be
predominantly of orthogonal type.
Our starting point is
S =
∫
d4x
[
M2P
2
√−gR[g] + M˜
2
2
√
−g˜R[g˜] +√−gLbrane
]
where gµν is the cosmological metric and
g˜µν = gµν + fGIJ∂µφ
I∂νφ
J (1)
is proportional to the induced metric on the brane (we
simply refer to it as the induced metric in the follow-
ing), GIJ(φ
K) being a metric in the space of the scalar
fields φI (I = 1, 2 . . . , N), which correspond to the brane
coordinates in the extra dimensions. The brane (DBI)
action is given by Lbrane = −1/f(
√D−1)−V (φI) where
the explicit expression of D ≡ det(g−1g˜) in terms of the
scalar fields was given in [9]. Here, we consider a constant
warp factor f for simplicity of presentation, so that the
mass scale M˜2 can be considered as constant, leaving the
analysis of the general case to a companion paper [10].
One can express
√−g˜R[g˜] in terms of the fields and the
geometrical quantities associated with the cosmological
metric, leading to a multifield relativistic extension of the
quartic Galileon Lagrangian in curved spacetime. The
resulting expression is very intricate [10] and rather ob-
scures the physics which is at play by breaking the sym-
metry between the cosmological and the induced metric
in the “gravitational” part of the action. Here, we rather
keep this symmetry manifest and hence write the (grav-
itational) equations of motion in the compact form
M2PG
µν [g] + M˜2Gµν [g˜]
√
D = Tµνbrane . (2)
Now specializing to a flat Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) background spacetime in
which the scalar fields are only time-dependent, let us
highlight the main properties of the homogeneous evolu-
tion. First, like in standard brane inflation, it is useful
to introduce the background value of D: c2D ≡ 1 − fσ˙2,
where σ˙ ≡
√
GIJ φ˙I φ˙J plays the role of an effective
collective velocity of the fields. The value of c2D dis-
tinguishes the slow-roll regime where c2D ' 1 from the
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2so-called relativistic, or DBI, regime, where the brane
almost saturates its speed limit and c2D  1. Let us
then note that in the background, the induced metric
(1) takes the form of a flat FLRW metric whose scale
factor is the cosmological one, a, but whose cosmic time
t˜ is such that dt˜ = cDdt. Introducing the correspond-
ing Hubble and “deceleration” parameters, given respec-
tively by H˜ ≡ 1a dadt˜ = HcD and ˜ ≡ − 1H˜2 dH˜dt˜ = + s, where
 ≡ −H˙/H2 and s ≡ c˙D/(HcD), it is then straightfor-
ward to derive the modified Friedmann equations
3H2
(
M2P +
M˜2
c3D
)
= ρbrane = V +
1
f
(
1
cD
− 1
)
(3)
M2PH
2+
M˜2H2
cD
(
+ s+
3
2
(
1
c2D
− 1
))
=
σ˙2
2cD
. (4)
From the third term in parenthesis in (4), one deduces
that for generic values of M˜2,  acquires a large neg-
ative contribution when c2D  1. Quantitatively, one
can show [10] that barring cancellations, achieving a
phase of quasi de-Sitter expansion   1 in the rela-
tivistic regime requires, in addition to the usual con-
dition to enter into the DBI regime cDfV  1, that
M˜2  M2P c3D. Despite this restrictive condition, the in-
duced gravity can still have a non negligible effect on
the background evolution, as can be seen for example
through the approximate equation deduced from (4) (ne-
glecting s):  ' 3/2(cDfV )−1(1 − 3α), where the di-
mensionless quantity α ≡ fH2M˜2/c2D can be of order
one. Note however that this contribution to  is always
positive in the regime where the theory is ghost-free, as
demonstrated by the analysis of cosmological perturba-
tions, to which we now turn.
In order to study the dynamics of linear perturbations
about a homogeneous cosmological solution, we use the
ADM formalism in which the metric is written in the
form
gµνdx
µdxν = −N2dt2+hij(dxi+N idt)(dxj+N jdt) (5)
where N is the lapse function and N i the shift vector.
Following the bimetric perspective, it proves to be use-
ful to introduce their induced gravity counterparts and
to write the “gravitational” part of the action as two
copies of the Einstein-Hilbert action in the ADM form. It
is then relatively straightforward to solve the constraint
equations for N and Ni perturbatively, insert their so-
lutions in the action and deduce the quadratic action in
terms of the propagating degrees of freedom: two tensor
modes and N scalar degrees of freedom.
Before discussing the multifield situation, it is instruc-
tive to consider the case of a single inflaton field φ
(N = 1, G11 = 1). One can then choose the uniform in-
flaton gauge in which the scalar perturbation ζ appears
in the spatial metric hij in the form hij = a(t)
2e2ζδij
while the inflaton is homogeneous φ = φ(t). The result-
ing second-order (scalar) action can then be cast in the
simple form
S(2) =
∫
dtd3x a3
(
A(t)ζ˙2 −B(t) (∂ζ)
2
a2
)
(6)
where
A(t) =
M2P
c2D
(
 κ2 + 3c2D(1− κ2)
)
+
M˜2
c3D
(
˜ κ2 + 3c2D
(
1− κ
2
c4D
))
, (7)
B(t) = M2P ( κ(3κ− 2) + κ− 1)
+
M˜2
cD
(
˜ κ
(
3
κ
c2D
− 2
)
+ κ− c2D
)
, (8)
with κ ≡
(
M2P +
M˜2
cD
)
/
(
M2P +
M˜2
c3D
)
. This formulation
reveals how the fluctuation ζ reacts to the two back-
ground geometries: without the induced gravity, M˜2 = 0,
κ = 1 and one recovers the standard k-inflationary result
[11] with a speed of sound B(t)/A(t) = c2D. At the other
extreme limit, if one formally considers M2P = 0, then
κ = c2D and one finds a similar expression
S(2),M2P=0 =
∫
dt˜d3x a3 ˜ M˜2c2D
((
dζ
dt˜
)2
− 1
c2D
(∂ζ)2
a2
)
in terms of the quantities associated with the induced
metric with the replacement c2D → c−2D . This can be
easily understood: one can then treat the metric g˜ as
the cosmological metric, in which case the action for
gravity becomes canonical while the brane action can be
expressed as Sbrane =
∫
d4x
√−g˜P (Xg˜, φ) where Xg˜ ≡
− 12 g˜µν∂µφ∂νφ and
P =
(
1
f
− V
)√
1 + 2fXg˜ − 1
f
. (9)
Using the general expression derived in [11], it is easy
to verify that the speed of sound is given by 1/c2D for
the Lagrangian (9), with the consequence that the speed
of sound with respect to the cosmological cosmic time
is unity. In the general situation, one can not define
an Einstein frame in which the gravitational action be-
comes canonical and one must resort to the full calcu-
lation, leading to the result (6) that nicely interpolates
between the two extreme cases aforementioned. How-
ever, the form (7) of the kinetic term is not appropriate
for discussing the possible presence of a ghost. Because
the conditions for avoiding the presence of ghosts are,
a priori, more restrictive in the multifield case, we now
turn to this situation, restricting our attention to two
fields (I = 1, 2) for simplicity of presentation.
It is then convenient to express the two scalar degrees
of freedom in terms of the scalar field perturbations in the
flat gauge, that we denote QI , and to decompose them
3into QI = Qσe
I
σ+Qse
I
s , where e
I
σ ≡ φ˙
I
σ˙ is the unit vector
pointing along the background trajectory in field space
and eIs is the unit vector orthogonal to e
I
σ. The so-called
adiabatic perturbation Qσ inherits all the properties of
the singe field case while Qs, called the (instantaneous)
entropy perturbation, embodies the genuinely multifield
effects. Remarkably, after going to conformal time τ =∫
dt/a(t), and, upon using the canonically normalized
fields vσ ≡ zHσ˙ Qσ and vs ≡ wQs with
z =
a
c
3/2
D
σ˙
H
(
(1− 9α)κ2 + 6ακc2D
)1/2
, (10)
w =
a√
cD
(1− 3α)1/2 , (11)
one can express the exact second-order action, and hence
the equations of motion, in a very compact form similar
to the one in standard multifield DBI inflation [9]:
v′′σ − ξv′s +
(
c2σk
2 − z
′′
z
)
vσ − (zξ)
′
z
vs + c
2
σsk
2vs = 0 ,
v′′s + ξv
′
σ +
(
c2sk
2 − w
′′
w
+ a2µ2s
)
vs − z
′
z
ξvσ + c
2
σsk
2vσ = 0 ,
where
c2σ =
(
(1− 9α)κ+ 6αc2D
)−1
×
[
c2D
κ
(
(1− 5α)κ+ 2αc2D
)
+ 6αsc2D
κ− c2D
1− c2D
]
,(12)
c2s =
c2D
κ
[
1 +
2sα
1− 3α
κ− c2D
1− c2D
]
(13)
and the explicit expressions of µ2s, ξ and c
2
σs will be pre-
sented elsewhere [10]. By taking the square roots in (10)-
(11), we implicitly consider the regime in which the fluc-
tuations are not ghosts, which reads α < (9− 6c2D/κ)−1.
Interestingly, note that this condition on α can be re-
formulated, through the first Friedmann equation (3),
as an upper bound on the energy density ρbrane, i.e.
there exists a critical background energy density ρc =(
1 +
c3DM
2
P
M˜2
)
/
(
fcD
(
3− 2 c2Dκ
))
above which the cosmo-
logical fluctuations become ghosts. Incidentally, note
that the naive procedure consisting in only perturbing
the scalar fields (and not the metric) would give a com-
pletely wrong second-order action as soon as κ differs
significantly from 1 [10].
In the remaining of this communication, we consider
a quasi de-Sitter inflationary phase in a slow-varying
regime in which the time evolution of every quantity is
slow with respect to that of the scale factor – we neglect
s in particular – so that c2σ and c
2
s are positive definite.
A novel feature, due to the common presence of both
the Einstein-Hilbert and induced gravity action, is the
gradient coupling between adiabatic and entropy pertur-
bations through the term c2σs. We will assume that the
effect of this coupling, as well as the one coming from
ξ, can be neglected on sub-horizon scales, so that the
adiabatic and entropy perturbations can be quantized
independently. In that case, cσ and cs are truly their
respective speed of propagation, which are in general dif-
ferent : the entropic speed of sound is always less than
the adiabatic one, the two becoming equal when α → 0
for any cD (this is standard multifield DBI inflation) and
when cD → 1 for any α (the non-relativistic limit of the
DBI Galileon). Finally, note that one should impose the
more stringent condition α ≤ (9 − 2c2D/κ)−1 if we addi-
tionally require the sound speeds to be less than one.
Under the assumptions above, it is easy to deduce the
power spectrum of the adiabatic and entropy fluctuations
[10]. As for the observable comoving curvature pertur-
bation ζ = −(H/σ˙)Qσ, its late-time power spectrum
can be formally written as Pζ = Pζ∗
(
1 + T 2σs
)
where
the transfer coefficient Tσs is due to the feeding of the
adiabatic perturbation by the entropic perturbation on
super-horizon scales [12] and the power spectrum around
adiabatic sound horizon crossing is given by
Pζ∗ =
(
H
σ˙
)2(
H
2pi
)2 ((1− 9α)κ2 + 6ακc2D)1/2
((1− 5α)κ+ 2αc2D)3/2
. (14)
We finally discuss the impact of the induced gravity
on the primordial non-Gaussianities generated in the rel-
ativistic regime c2D  1. It is then sufficient to perturb
only the scalar fields and, following the same bimetric ap-
proach as for the calculation of the quadratic action, the
dominant contribution to the third-order action is found
to be [10]
Seff(3) =
∫
dtd3x
a3
2c5Dσ˙
[
AQ˙3σ
Q˙3σ − c2DAQ˙σ(∂Qσ)2Q˙σ
(∂Qσ)
2
a2
+c2DQ˙σQ˙
2
s + c
4
DQ˙σ
(∂Qs)
2
a2
− 2c4D(1− 2α)
∂Qσ∂Qs
a2
Q˙s
−3
2
αc4D
(
1
λ2
− 1
)
Q˙2s
∂2Qσ
Ha2
+
α
2
c6D
(
1
λ2
− 1
)
(∂Qs)
2
a2
∂2Qσ
Ha2
]
where AQ˙3σ
= 1 − 3α (5− 4λ2 + λ4), AQ˙σ(∂Qσ)2 = 1 −
α
(
9− 3λ2) and λ2 ≡ c2s/c2σ ' 1−9α1−5α in the slow-varying
relativistic regime. Here, we used the linear equation of
motion for Qσ to trade the higher dimension operators
Q˙2σ∂
2Qσ and (∂Qσ)
2∂2Qσ for the usual k-inflationary
ones Q˙3σ and Q˙σ(∂Qσ)
2 [13–15]. The same is only par-
tially possible for the mixed vertices including adiabatic
and entropy perturbations, which explains the appear-
ance of the last two higher dimension vertices. Following
the standard procedure [16], one can compute the associ-
ated primordial bispectrum – the three-point correlation
function of ζ at late time – concentrating on the con-
tributions induced by the quantum interactions around
horizon crossing. This reads
〈ζ(k1)ζ(k2)ζ(k3)〉 = (2pi)7δ(
3∑
i=1
ki)P2ζ
S(k1, k2, k3)
(k1k2k3)2
where the shape function
S = − 1
2(1 + T 2σs)
2
1
c2D(1− 9α)
(
S(σσσ) + T 2σsS
(σss)
)
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FIG. 1: Correlation of the adiabatic shape S(σσσ) with the
equilateral ansatz (left) and the orthogonal ansatz (right) as
a function of α.
has been separated out between its purely adiabatic and
entropy-induced components. The adiabatic shape
S(σσσ) = 3AQ˙3σ
SQ˙3σ
+
λ2
2
AQ˙σ(∂Qσ)2SQ˙σ(∂Qσ)2 (15)
is a linear combination (function of α) of SQ˙3σ
=
(k1k2k3)/K
3 and SQ˙σ(∂Qσ)2 = −k3/(k1k2K3)(k1 ·
k2)
(
2k1k2 − k3K + 2K2
)
+2 perm. where K ≡ k1 +k2 +
k3 and the ‘perm.’ indicate two other terms with per-
mutations of indices 1, 2 and 3. To assess the exper-
imental ability to distinguish between different bispec-
trum momentum dependence, we use the scalar product
between shapes introduced in [17]. In this sense, SQ˙3σ
and SQ˙σ(∂Qσ)2 are very similar – in particular, they peak
on equilateral triangles – which explains why they are of-
ten approximated by a common ansatz called equilateral
[18]. They are different though [19] and, as pointed out
in [20], one can highlight their differences by consider-
ing an appropriate linear combination of them with re-
spect to which it is almost orthogonal. These orthogonal
non-Gaussianities are now routinely considered in cos-
mic microwave background data analysis, with the con-
straint −410 < forthNL < 6 (95% C.L) [21] on their ampli-
tude forthNL ≡ 109 Sorth(k, k, k). However, a concrete early
Universe model that generates such a non-gaussian sig-
nal was still lacking. Figure 1 demonstrates that DBI
Galileon inflation provides such a model: as α increases,
the correlation between the adiabatic shape and the equi-
lateral ansatz decreases from 1 to −1 (left) and orthogo-
nal non-Gaussianities are generated in the narrow tran-
sient region (right). The maximum correlation equals
91 % and is reached at α ' 0.097, for which we find
forthNL ' − 0.016c2D . The entropy-induced shape is different
but qualitatively similar to the adiabatic one: it interpo-
lates between negative (when α = 0) and positive equilat-
eral non-Gaussianities passing through orthogonal ones,
although for smaller values of α centered around 0.08
[10].
To summarize, we have studied the cosmology of the
relativistic Galileon model in which an induced gravity
term is added to the DBI action governing the motion of
a D3-brane in a higher-dimensional spacetime. By treat-
ing it as a genuine modification of gravity, we have been
able to analyze it in a physically transparent and compu-
tationally very efficient way. The induced gravity tends
to violate the null energy condition and to render cos-
mological fluctuations ghosts. There nonetheless exists
an interesting parameter space in which a stable phase
of quasi-exponential expansion can be achieved while the
induced gravity leaves non-trivial imprints on the cos-
mological fluctuations. In particular, this scenario pro-
vides the first concrete early Universe model in which
the shape of the bispectrum can be predominantly of or-
thogonal type. More generally, the fact that qualitative
aspects of the latter, such as its shape and sign, depend
non-trivially on the precise value of the induced grav-
ity strength, exemplifies the usefulness of higher-order
statistics for pinning down the mechanism that seeded
the large-scale structure of the Universe.
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